In this paper, we investigate the semistar-operations of finite character on integral domains. We state a conditions under which the semistar-operation defined by a family of overrings of a domain R is of finite character. This notion leads us to give a new characterization of Prüfer domains and characterize Prüfer and Noetherian domains R for which each semistar-operation is of finite character. It turns out that R must be conducive (so local and one-dimensional) in the Noetherian case and conducive and each overring of R is divisorial for the Prüfer case. We also show that 3 + dim R |SF c(R)| for each nonlocal domain R and we characterize domains for which the equality holds.
Introduction
In 1994, Okabe and Matsuda [18] introduced the notion of semistar-operations. This concept extends the classical concept of star-operations, as developed in Gilmer's book [7] , and hence the related classical theory of ideal systems based on the work of W. Krull, E. Noether, H. Prüfer, and P. Lorenzen. Since then, many investigations of semistaroperations have been done (for instance see [5, [12] [13] [14] [15] [16] [17] [18] ). 1 Partially supported by KFUPM. Let R be an integral domain with quotient field K,F (R) the set of all nonzero Rsubmodules of K, F (R) the set of all nonzero fractional ideals of R, i.e., all A ∈F (R) such that dA ⊆ R for some nonzero d ∈ R, and f (R) the set of all nonzero finitely generated R-submodules of K.
Then f (R) ⊆ F (R) ⊆F (R).
A mappingF (R) −→F (R), E −→ E * is called a semistar-operation on R if for all x ∈ K and E, F ∈F (R):
(1) (xE) * = xE * . (2) E ⊆ E * and E ⊆ F ⇒ E * ⊆ F * . (3) E * * = E * .
If E ∈F (R), then E * ∈F (R * ) ⊆F (R). The R-submodules of K belonging toF * (R) := {E * /E ∈F (R)} are called semistar R-submodules of K. Similarly, we can consider F * (R) := {E * /E ∈ F (R)} and f * (R) := {F * /F ∈ f (R)}. It is easy to see that F * (R) ⊆ F (R * ), but in general F (R * ) F (R). AlsoF * (R) ⊆F (R * ) and this inclusion may be strict, see [5, Remark 1.0 
.(b)].
A semistar-operation * on R is proper if R ⊂ R * . However, if R = R * , then * restricted to F (R) defines a star-operation on R.
The map E −→ E e := K, for each E ∈F (R) defines a semistar-operation on R called the e-operation and the map E −→ Ed := E defines a trivial semistar-operation called thē d-operation.
It is easy to see that each star-operation * on R can be extended to a semistar-operation * as follows: E * = E * if E ∈ F (R) and E * = K if E ∈F (R)\F (R) . The extension of the v-(respectively t-) operation will denoted byv (respectivelyt).
A semistar-operation * on R is called of finite character (or of finite type) if E * = ∪{F * /F ∈ f (R), F ⊆ E} for each E ∈F (R). For each semistar-operation * on R, we associate a semistar-operation of finite character * f defined by E * f = ∪{F * /F ∈ f (R), F ⊆ E} for each E ∈F (R). Obviously, a semistar-operation * is of finite character if and only if * = * f . Note thatv f =t.
Let R = {(R , * )} ∈ be a family of overrings of R, where * is a semistar-operation on R . Then the map E −→ E * = ∈ (ER ) * is a semistar-operation on R called the semistar-operation defined by the family R, and will be denoted by * R . In particular, if S is an overring of R and the family R is reduced to (S,d), we write * {S} instead * R . Clearly e = * {K} andd = * {R} .
Let S(R) denote the set of all semistar-operations on R, SF c(R) the set of all semistaroperations of finite character on R, S (R) the set of all star-operations on R, [R, K] the set of all overrings of R, Spec(R) the set of all prime ideals of R and for a set X, let |X| denote the cardinality of X.
The purpose of the present paper is to study the semistar-operations of finite character on integral domains. In the first part, we give a partial answer to a problem cited by Fontana and Huckaba [5] , and listed in a list of one hundred open problems by Chapman and Glaz (see [3, Problem 44] ) by stating conditions under which the semistar-operation defined by a family R = {(R , * )} ∈ of overrings of R is of finite character in the context of conducive domains. Precisely, we prove that if R * R = ∈ (R ) * is locally finite and each * is of finite character, then * R is of finite character. We also prove, without the "conductivity" assumption on R, that if is finite and each * is of finite character, then so is * R . It turns out that * {S} is of finite character for each overring S of R.
The second section is devoted to the study of the domains R for whichF * (R) =F (R * ) (respectively, F * (R) = F (R * )) for each semistar-operation of finite character * on R in the context of integrally closed domains. This leads us to give a new characterization of Prüfer domains, that is, Let R be an integrally closed domain. Then R is Prüfer if and only ifF * (R) =F (R * ) (respectively, F * (R) = F (R * )) for each * ∈ SF c(R) if and only if SF c(R) = { * {T } /T ∈ [R, K]}. We also characterize domains for which each semistaroperation is of finite character, that is S(R)=SF c(R), in the context of Noetherian and Prüfer domains. It turns out that such domains must be conducive, so local and one-dimensional in Noetherian case and conducive and each overring of R is divisorial in the Prüfer case.
The last section deals with a discussion about the cardinality of SF c(R). In [17] , it was shown that 1 + dim R |SF c(R)| and the equality holds if and only if R is a valuation domain. By virtue of this result, we focus our attention to the case where 2 + dim R |SF c(R)|. We firstly prove the following theorem: Let R be a nonlocal domain. 
Finiteness conditions of semistar-operations defined by a family of overrings
Before stating our first result, we recall that a domain R is said to be conducive if (R : T ) = (0) for each overring T ⊂ K of R (see [4] ). Conducive domains have particular interest in the study of the semistar-operations and link this notion to the notion of staroperations. Indeed, it is easy to see that for such domains R,F (R) = F (R) ∪ {K} and each star-operation on R has a unique extension to a semistar-operation on R. The following Proposition characterizes conducive domains in terms of semistar-operations. 
Since R * = R, then * = e. Since (R : V ) = 0, then V * = K. This yields to a contradiction with (iv). So (R : V ) = 0 and therefore R is conducive, [4 Proof. Clearlyv =d implies that v =d and therefore R is divisorial. Now, if T is an overring of R such that (R :
A star-operation on nonconducive domain R can have more than one extension to a semistar-operation. Indeed, let R be a nonconducive PID (for example R = Z the ring of integers or R = k [X] , where k is a field and X an indeterminate over k). Clearlyv andd are two (different) extensions of d.
The following two theorems state conditions under which the semistar-operation defined by a family of overrings of a domain R is of finite character. Proof. Let ( * R ) f denote the semistar-operation of finite character associated to * R . Our aim is to prove that
* which is locally finite, then there is 1 , . . . , n ∈ such that (da)
In case of finite family of overrings of R, the hypothesis of "locally finite" is always satisfies. However, the "conductivity" assumption on R is not needed as it shown by the following theorem. 
Proof. Let A ∈F (R) and let
It follows that * R is of finite character on R.
Corollary 2.5. Let R be a domain, T an overring of R and * a semistar-operation of finite character on T. Then the semistar-operation on R defined by A * = (AT )
* is of finite character. In particular, the semistar-operation * {T } defined by T is a semistar-operation on R of finite character.
The integrally closed case
In this section, we investigate semistar-operations in the context of integrally closed domains. Our aim is to give a new characterization of Prüfer domains via semistar-operations. Before stating our next result, we recall that, according to Zafrullah [19] , a domain R is said to be an fgv domain if each finitely generated ideal is divisorial. Clearly R is an fgv domain if and only if the t-operation on R is trivial, that is t = d. Since d w t, where w is the w-operation, an fgv domain is a TW domain. We also recall that a domain R is Prüfer if and only if R is an fgv domain which is integrally closed. 
v) Each semistar-operation of finite character on R is defined by an overring of R, that is * = * {R * } , for each * ∈ SF c(R), and hence SF c(R)
Simultaneously, we prove (ii) ⇒ (vi) and (iv) ⇒ (vi). Let M be a maximal ideal of R. Consider the semistar-operation * on R given by A * = (AR M )t M , wheret M is thet-semistar operation on R M . By Corollary 2.5, * is of finite character on R and
Hence the t-operation on R M is trivial. Since R M is integrally closed, then R M is a Prüfer domain and therefore a valuation domain. It follows that R is a Prüfer domain.
(vi) ⇒ (i) Assume that R is Prüfer. Let * ∈ SF c(R) and let A ∈F (R * ).
The fact that R is Prüfer forces that J * = J R * for each J ∈ f (R). So, for each A ∈ F (R * ), A = A * and therefore F * (R) = F (R * ), as desired.
(v) ⇒ (vi) Lett be thet-semistar operation on R. Sincet is of finite character, by (v),t is defined by an overring of R. Sot = * {T } for some overring T of R. Since R = Rt = R * {T } = T , thent = * {T } = * {R} =d. So the t-operation on R is trivial. Since R is integrally closed, then R is a Prüfer domain.
( 
(v) ⇒ (iii) Follows from Theorem 3.1.
Our next result treats the integrally closed local case. (i)F * (R) =F (R * ) for each * ∈ S(R) (resp. * ∈ SF c(R)).
(ii) F * (R) = F (R * ) for each * ∈ S(R) (resp. * ∈ SF c(R)).
(iii) R is a strongly discrete valuation (resp. valuation) domain. Moreover, with respect to SF c(R), the three assertions are equivalent to:
, then R is divisorial (resp. an fgv domain). Since R is integrally closed, then R is Prüfer and therefore a valuation domain. Now, for the first part of (i), suppose that R is not strongly discrete. Then R has a nonzero idempotent prime P. Let * be the semistar-operation on R defined by A * = (AR P )v P , wherev P is thev-semistar operation on R P . By (i),F * (R) =F (R * ) = F (R P ) implies that R P is divisorial. By [8, Lemma 5.2], P R P is principal, which is absurd sinceP = P 2 . It follows that R is strongly discrete.
(
ii) ⇒ (iii) Similar to (i) ⇒ (iii) by substituting F (R) toF (R).

Now, we restrict to SF c(R) and we will show the equivalence (iii) ⇐ ⇒ (iv). (iii) ⇒ (iv).
Assume that R is a valuation domain. Let * ∈ SF c(R) and set T = R * . For each J ∈ f (R), J =aR for some nonzero a ∈ J . Then J * =(aR) * =aR * =aT =J T =J * {T } . Since * is of finite character and * | f (R) = * {T } | f (R) , then * = * {T } . Now, by Corollary 2.5,
iv) ⇒ (iii). Sincet ∈ SF c(R), by (iii), there is T ∈ [R, K]
such thatt = * {T } . So R = Rt = R * {T } = T . Thent = * {T } = * {R} =d and therefore R is an fgv domain. Since R is integrally closed, then R is a Prüfer domain. Since R is local, then R is a valuation domain.
iii) ⇒ (i) and (iii) ⇒ (ii). The first part (with respect to S(R))
follows from [17, Corollary 14] and the fact that R is a conducive domain. The second part (with respect to SF c(R)) follows from (iii) ⇐ ⇒ (iv) since for each * ∈ SF c(R) and A ∈ F (R * ), A * = AR * = A and R is conducive.
Corollary 3.4. Let R be an integrally closed domain. Then SF c(R) = { * {T } /T ∈ [R, K]} if and only if R is a Prüfer domain.
Proof. Follows immediately from Theorem 3.1 (if R is nonlocal) and Proposition 2.3 (if R is local).
The next theorem characterizes Noetherian domains R such that F * (R) = F (R * ) for each * ∈ SF c(R) with R ⊂ R * . 
Theorem 3.5. Let R be a nonlocal Noetherian domain. The following conditions are equivalent:
(i) F * (R) = F (R * ) for each * ∈ SF c(R) with R ⊂ R * . (ii) dim R = 1
By (i), F * (R) = F (R * ) = F (T ).
So the t-operation on T is trivial. Since dim R = 1, by [11, Theorem 93] , T is Noetherian and dim T = 1. Hence T is divisorial.
(ii) ⇒ (i). Let * be a semistar-operation on R of finite character with R ⊂ R * and set T = R * . By (ii), T is a Noetherian divisorial domain. Let A ∈ F (R * ) = F (T ).
The next Theorem characterizes domains for which each semistar-operation is defined by an overring.
Theorem 3.6. Let R be an integral domain. Then each semistar-operation on R is defined by an overring of R, that is * = * {R * } for each * ∈ S(R), if and only of R is a conducive domain and each overring of R is divisorial.
The proof uses the following lemma.
Lemma 3.7. Let R be an integral domain. If each semistar-operation is of finite character, then R is a TV-domain which is conducive and for each overring T of R, each semistaroperation on T is of finite character.
Proof. Sincev = (v) f =t, then R is a TV-domain. Now, suppose that there is an overring T of R such that T ⊂ K and (R : T ) = (0). Consider the semistar-operation * on R defined by A * = A if A ∈ F (R) and A * = K, if A ∈F (R)\F (R). Clearly T * = K. On the other hand, since * is of finite character, then T * = ∪{J * /J ∈ f (R), and J ⊆ T }. Since for each
Hence R is a conducive domain. Now, let T be an overring of R and let * ∈ S(T ). Consider the semistar-operation * on R defined by A * = (AT ) * for each A ∈F (R). Since * = ( * ) f , then for each A ∈ 
F (T ) ⊆F (R), A * = (AT )
* = A * = A ( * ) f = ∪{J * /J ∈ f (R), J ⊆ A} = ∪{(J T ) * /J ∈ f (R), J ⊆ A} ⊆ ∪{I * /I ∈ f (T ), I ⊆ A} = A * f . Hence * = * f , as desired.
Corollary 3.8. Let R be a Prüfer domain. Then S(R)=SF c(R) if and only if R is conducive and each overring of R is divisorial.
Proof. ( ⇒) Follows from Corollary 3.4 and Theorem 3.6.
(⇐ ) Let * ∈ S(R) and set T = R * . Since T * = R * * = R * = T , then * | F (T ) is a staroperation on T. Since T is dividorial, then * | F (T ) =d. So for each A ∈ F (T ), A * =A. Now, let A ∈ F (R). Then AT ∈ F (T ). So (AT ) * =AT . Hence A * =(AR * ) * =(AT ) * =AT =A * {T } . Since R is conducive and K * = K = K * {T } , then * = * {T } .
It follows that S(R) = SF c(R).
It is well-known that a valuation domain is divisorial if and only if its maximal ideal is principal and a maximal ideal of a valuation domain is either principal or idempotent. So each overring of a strongly discrete valuation domain (i.e. valuation domain with no idempotent prime ideals) is divisorial. Since valuation domains are conducive domains, the class of conducive domains with divisorial overrings contains the class of strongly discrete valuation domains. However, we present here an example of a non-integrally closed Noetherian conducive domain with divisorial overrings.
Example 3.9. Let k be a field and X an indeterminate over k.
So there is no proper R-module between R and R . Now, let I be a nonzero ideal of R. Since R is a DVR, then I R = f R for some f ∈ I . Set W = {g ∈ R /gf ∈ I }. It is easy to see that W is an R-module, R ⊆ W ⊆ R and I = f W . By the first part, either
It follows that R is divisorial and so is each overring of R. 
Corollary 3.11. Let R be a Noetherian domain. Then S(R) = SF c(R) if and only if R is conducive (so R is one-dimensional and local domain).
Corollary 3.10 shows that for a Noetherian domain of dimension greater than 2, the inclusion SF c(R) ⊆ S(R) is strict and a star-operation on R can have more than one extension to a semistar-operation on R.
About the cardinality of SF c(R)
In [15] , Matsuda shows that for a nonlocal domain R, 4 + dim R |S(R)| and he characterizes domains for which the equality holds. Our next result go to this way by substituting SF c(R) to S(R). We start this section by recalling the following results which will be often used in our proofs. [17, Theorem 7] ). Let R be a domain. Then |SF c(R)|= 1 + dim R if and only if R is a valuation domain.
Lemma 4.1 (Mimouni and Samman
Lemma 4.2 (Mimouni and Samman [17, Theorem 10]). Let V be a valuation domain. Then S(V ) = SF c(V ), that is, each semistar-operation on V is of finite character, if and only if V is strongly discrete.
According to Jaballah [10] and by considering the extension R ⊂ S, we recall that the number g(Spec(R, S)), which permits to compute the number of intermediate rings between R and S, is obtained in the following way: For each vertex Q of the poset Spec(R, S), let (Q) be the set of vertices covering Q. P ∈ (Q) if and only if Q < P and there is no vertex U from Spec(R, S) such that Q < U < P . For each vertex Q, we associate a number g(Q) defined by:
(Spec(R, S)) = Q∈Min(Spec(R,S)) g(Q), where Min(Spec(R, S)) is the set of minimal vertices of Spec(R, S).
In the case where R is a Prüfer domain with finite spectrum and S =K, we have |[R, K]|= g(Spec(R)) [10, Corollary 3] .
We are now ready to give the first theorem of this section.
Theorem 4.3. Let R be a nonlocal domain. Then 3 + dim R |SF c(R)|. Moreover, the equality holds if and only if R is a Prüfer domain with exactly two maximal ideals M and N, and Spec(R) is reduced to a unique Y-graph, that is, Spec(R)
Proof. Assume that R is nonlocal. Set n = dim R and let (0) ⊂ P 1 ⊂ · · · ⊂ P n−1 ⊂ M be a chain of prime ideals of R and N a maximal ideal of R with M = N . Then, by Corollary 2.5, e = * {K} ,d = * {R} , * {R M } , * {R N } and * i = * {R P i } , for each i ∈ {1, . . . , n − 1} are in SF c(R) (note that if n = 1, then {e,d, Since R is a Prüfer domain, then (1+g(P 1 ))(1+g(N))=2(1+n) . Hence n=1, which is a contradiction.
Case 2: There is i ∈ {1, . . . , n − 2}, such that P i ⊆ N . We may assume that i is the great one. Then Spec(R) is of the form as shown in Fig. 2 . Hence g(0) = (i + g(P i )). On the other hand g(
Now, since i n − 2, then 2 − n − i and therefore n + 4 = 2 − n + 2n + 2 2n + 2 − i = g(0) = 3 + n, which is absurd. It follows that P n−1 ⊆ N and therefore Spec(R) is reduced to the Y-graph
Conversely, since R is a Prüfer domain, then by Corollary 3.4, |SF c( 
Proof. ( ⇒). By Theorem 4.3, R is local. Let
So R is Prüfer [6, Theorem 1.1.1] and therefore R is a valuation domain, which is absurd by Lemma 4.1.
Hence SF c(R) = {d, e, * {R P i } , * {T } }, with i ∈ {1, . . . , n − 1}. Sincet ∈ SF c(R) and Rt = R, thed =t. So t = d and therefore R is an fgv domain. Now, if R = R then R is an fgv domain which is integrally closed, so Prüfer and hence a valuation domain, which is absurd. So R ⊂ R . Since R is not a field, then R cannot be a localization of R. Hence R = T . Now, let (0) ⊂ Q 1 ⊂ · · · ⊂ Q n = N be a chain of prime ideals of R , Such that Q i ∩ R = P i . For each i ∈ {1, . . . , n − 1}, R Q i is an overring of R. So R Q i = R P j for some j ∈ {1, . . . , n − 1}. Then P i = Q i R Q i ∩ R = P j R P j ∩ R = P j . Hence i = j . It follows that [R , K] = {R , K, R Q i /i ∈ {1, . . . , n − 1}}. Hence R is a valuation domain and clearly the extension R ⊂ R is minimal and each overring of R is comparable to R , in fact [R, K] is the chain R ⊂ R ⊂ R Q n−1 = R P n−1 ⊂ · · · ⊂ R Q 1 = R P 1 ⊂ K.
(⇐ ). Let * ∈ SF c(R). If R * = K, then * = e. If R * = R, then the restriction * | F (R) is a star-operation of finite character on R. Since R is an fgv domain, then * | F (R) = d. Now, let A ∈F (R)\F (R). Since * is of finite character and for each J ∈ f (R) with J ⊆ A, J * = J , then A * = A and therefore * =d. Then we may assume that R ⊂ R * ⊂ K. By hypothesis, R and R * are comparable. Since the extension R ⊆ R is minimal and R ⊂ R * , then R ⊆ R * . Since R is a valuation domain, then R * = R Q for some nonzero prime ideal Q of R . Now, we claim that * = * {R Q } . Let A ∈F (R) and J ∈ f (R) such that J ⊆ A. Since R * is a valuation domain, then J R * = aR * for some nonzero a. Since J ⊆ J R * , then J * ⊆ (J R * ) * = (aR * ) * = aR * * = aR * = J R * ⊆ AR * = A * {R * } . Hence A * ⊆ A * {R * } .
Conversely, A * {R * } = AR * ⊆ (AR * ) * = (AR) * = A * . Hence A * {R * } = A * and therefore * = * {R * } = * {R Q } . It follows that SF c(R) = {d, e, * {R Q } /Q nonzero prime ideal of R }.
Since R is a valuation domain and dim R = dim R is finite, then |SF c(R)| = 2 + dim R. 
